Introduction
The purpose of this paper is to attempt to give a better theoretical interpretation to the new and very precise experimental data obtained by Wang et al. 1) The key equation in our new model is an improved equation on the force acting on a spherical particle or bubble moving towards a solidification front due to the existence of an interfacial energy gradient at the particle/liquid or bubble/liquid interface.
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Summary of Experimental Results by Wang et al.
Wang et al. 1) observed directly the behavior of fine hydrogen bubbles in front of a vertical solidifying interface of different water solutions. In the case of the surfactant (C 8 H 17 SO 3 Na) water solution, bubbles in the vicinity of the solidifying interface were found to move horizontally toward the solidifying interface, and then were engulfed by it. However, this phenomenon was not observed in the case of NaCl water solution, for NaCl being surface-inactive at the water-bubble interface. Therefore the horizontal movement of the bubbles towards the solidifying interface in the surfactant-water solution was found to be due to the existence of the surface tension gradient at the solution/bubble interface, in accordance with earlier papers of Mukai and Lin 2, 3) . Using a sophisticated experimental apparatus, the size and the horizontal velocity of bubbles were detected by a micro video camera in the surfactant-water solution, and as a final result the steady state velocity of the bubbles towards the solidifying interface was measured as function of the radius of bubble, surfactant concentration, and solidifying velocity. 1) Experimental results 1) were compared to the theory developed earlier by Mukai and Lin. 2, 3) As required by the theory, 2, 3) additional measurements on the surface tension of the C 8 H 17 SO 3 Na-water solution, the diffusion coefficient of C 8 H 17 SO 3 Na in water, and equilibrium partition coefficient of C 8 H 17 SO 3 Na between liquid water and ice were measured by Wang et . This force is called by us 'equilibrium', as it has been derived supposing that the presence of the particle does not influence the concentration gradient in the liquid, and therefore it does not influence the interfacial energy gradient, either. In the present paper our new model will be presented with a coefficient different from coefficient 8/3 of Eq. (1).
Proposed Model
The derivation of an equation for the interfacial force acting on a macroscopic body (i.e. a particle, or a bubble) can be derived according to the following general algorithm: i. the total interfacial energy of a macroscopic body should be expressed as function of its location G(r) ii. the resulting interfacial force acting on a macroscopic body at its center of gravity can be derived as the negative gradient of the total interfacial energy:
where r is the vector at the points in the space studied, F is the vector of the force, ٌ is Hamilton's operator. The total interfacial energy of the bubble can be written as: 2) model the surface tension gradient was taken constant along the whole bubble/liquid interface. In the present model parameter X s is introduced, dividing the bubble/liquid interface into two regions (see Fig. 1 ). At XՅX s the surface tension gradient is constant (ds/dxϭ K), while at XϾX s the surface tension is constant (ds/dxϭ 0). Therefore, as follows from Eqs. (2), (3) , the interfacial
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force will be zero at XϾX s . Hence, the integration of Eq. (3) should be performed only between 0ՅXՅX s . Then, the total interfacial energy of the bubble/liquid interface (see Fig. 1 ) can be written as (see Appendix 1): (5), these equations differ from each other only in a value of the constant. Let us first consider the simplest case, taking the same assumption that the bubble does not disturb the original concentration filed in the liquid.
2) In this case parameter X s ϭ2R. Substituting this value into Eq. (5), Eq. (1) is obtained, but with coefficient 4 instead of coefficient 8/3. This result has been published by us recently 4) . In reality, however, if the particle moves towards the interface, a wake behind it will appear (see Fig. 2 5) ), disturbing the concentration field of the solute in the liquid, and therefore the condition X s ϭ2R will not be valid. It will be the case even if the leading boundary layer is laminar, i.e. even if the Reynolds number is low (ReϽ1 5) ). The wake shown in Fig. 2 . will equalize any concentration and surface tension differences along the surface of the sphere between the coordinates XϭR and Xϭ2R. Therefore the interfacial energy gradient in the case of the moving bubble will be active only between the coordinates Xϭ0 and XϭR, i.e. X s ϭ R. Substituting this value into Eq. (5) Equation (6) is similar to Eq. (1), but with a coefficient lower by 25 %. When the leading boundary layer is turbulent (ReϾ1), the coefficient in Eq. (6) will be somewhat higher than 2. This question, however, needs more detailed analysis, being out of the scope of this discussion paper.
Discussion
The corrected model describing the experimental results of Wang et al. 1) will be presented, based on our new Eq. (6). First, let us check if ReϽ1 is valid for experimental conditions 1) . In the experiments 1) bubbles were used with radius between 5 and 30 mm, having steady state velocities between 1 and 5 mm/s, in a water solution with dynamic viscosity of about 1.79 mPas and with density of about 1 000 kg/m 3 . Then, the Reynolds number in experiments 1) varied between 0.0056-0.17, and hence Eq. (6) is applicable for this situation.
As discussed in the Introduction, the only change proposed by us to the earlier theory of Mukai and Lin 2, 3) is the change of coefficient 8/3 to coefficient 2, based on a more sophisticated model presented above. Hence, the rather complex equation developed by Mukai and Lin 2, 3) for the steady state velocity of the bubbles moving toward the solidifying interface will not be repeated here. Instead, the velocity of the bubbles according to our new theory will be presented as the corrected velocity calculated by Mukai 1) and is calculated on the bases of equation derived earlier by Mukai and Lin. 2, 3) The second curve (marked "KK") is calculated as the 3/4-th ratio of the first curve, according to our new Eqs. (6), (7). One can see, that the curves "KK" reproduce considerably better the experimental results than the curves marked "ML". Hence, one can make the conclusion that our new Eq. (6) describes much better the experimental results of Wang et al. 1) than Eq. (1) derived earlier by Mukai and Lin 2) . In view of the above analysis it is reasonable to conclude that the proposed Eq. (6) correctly describes the interfacial Fig. 2 . Separation of the boundary layer and wake formation behind a sphere moving towards the solidification front in a liquid with an originally constant surface tension gradient, if the leading boundary layer is laminar (ReϽ1).
5)
For this laminar case, parameter X s ϭR.
gradient force acting on spherical bubbles (and also particles) moving with ReϽ1 towards solidifying interfaces in multi-component liquids.
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